Received: March 31, 1999, Accepted: June 17, 1999

HYPER VERSION

The renormalized gauge coupling and non-perturbative tests of dimensional reduction

Mikko Laine

Theory Division, CERN, CH-1211 Geneva 23, Switzerland, and Dept. of Physics, P.O.Box 9, FIN-00014 Univ. of Helsinki, Finland E-mail: mikko.laine@cern.ch

Abstract: In 4d lattice simulations of Standard Model like theories, the renormalized gauge coupling in the broken phase can be determined from the prefactor of the Yukawa term in the static potential. We compute the same quantity in terms of the conventional MS scheme gauge coupling. The result allows for a further non-perturbative test of finite temperature dimensional reduction, by a comparison of the critical temperatures for the electroweak phase transition as obtained with 4d lattice simulations and with 3d effective theory simulations.

Keywords: Lattice Gauge Field Theories, Cosmological Phase Transitions, Thermal Field Theory.

Contents

1. Introduction 1

2. Formulation of the problem 3

3. Computation of g^2_R 5

4. Implications for dimensional reduction 10

5. Conclusions 12

A. Loop contributions 13

1. Introduction

Consider finite temperature physics at temperatures πT ≫ m, where m stands for the mass scales of the problem. Such a case is for instance the electroweak phase transition at T_c ∼ m_H /g, with a Higgs vev v(T_c) ∼ T_c [1]. One can then construct a three-dimensional (3d) effective theory for the thermodynamics of the system with the method of dimensional reduction [2]–[5]. The construction is purely perturbative, while the non-perturbative IR-problems of finite temperature field theory are contained in the effective theory. Often, even further degrees of freedom can be integrated out within the 3d theory [2]–[5].

For the electroweak sector of the Standard Model (as well as for many extensions thereof [3]), the final effective action resulting from the procedure described above is of the very simple form

S_{eff} = ∫ d^3x [ 1 4 F^a_{ij} F^a_{ij} + 1 4 B_{ij} B_{ij} + (D_iϕ)^†D_iϕ + m^2_3ϕ^†ϕ + λ_3(ϕ^†ϕ)^2 ] , (1.1)

where F^a_{ij} and B_{ij} are the SU(2) and U(1) field strength tensors. The dynamics of this theory depends on the SU(2) and U(1) gauge couplings g^2_3 , g^{′2}_3 , as well as on the Higgs sector parameters m^2_3, λ_3 (or, more precisely, on the three dimensionless ratios that can be formed thereof). The practical content of dimensional reduction is to compute these parameters as a perturbative expansion in the underlying physical 4d parameters and the temperature; explicit derivations have been carried out in [3, 6]. For instance, the expression for m^2_3 is parametrically of the form

m^2_3 = m^2(μ̄) [ 1 + O(g^2) ] + g^2(μ̄)T^2 [ 1 + O(g) + O(g^2) ] , (1.2)

where the parameters appearing on the right hand side are those of the corresponding 4d theory in the MS scheme (see below), with μ̄ the MS scale parameter, and all the leading O(g, g^2) corrections shown have been explicitly computed for several theories.

Of course, the final 3d theory obtained with dimensional reduction, such as the one in eq. (1.1), is “only” an effective theory, and it is not arbitrarily precise. Analytically, the accuracy of dimensional reduction can be estimated by considering the set of one-particle-irreducible Green’s functions for the degrees of freedom contained in eq. (1.1), and comparing the effects of the higher-dimensional operators left out from the effective theory, with those arising within the effective theory. The conclusion is that the relative error remaining in the non-vanishing P- and CP-even static bosonic Green’s functions with “soft” external momenta is highly suppressed, O(g^3), already when only super-renormalizable operators are kept in the effective theory [3] (as is the case with eq. (1.1)). Numerically, the error was estimated to be at the percent level for the Standard Model (the largest corrections arising from the top loops, and from the Matsubara zero modes of the temporal components of the gauge fields) [3].

However, many of the quantities addressed with the effective theory are purely non-perturbative. Thus, it is strictly speaking impossible to estimate the numerical accuracy analytically. Even though it is clear that the non-perturbative effects can only arise from the degrees of freedom contained in the 3d theory, one may still ask what the relative accuracy obtained is for such quantities. While in the electroweak case this is not feasible within the full Standard Model due to chiral fermions, the question can at least be addressed within the SU(2)+Higgs model with 4d finite temperature lattice simulations (the U(1) subgroup is not too essential for these considerations [7]).

The 4d simulations relevant for studying the accuracy of the theory in eq. (1.1), have been carried out with a gauge coupling which is ∼50% larger than the physical one, g^2 ≈ 0.585 [8, 9]. This should increase the possible discrepancies. However, the system still has multiple length scales (∼ πT, gT, g^2T ), making the extrapolation of the 4d results to the continuum limit extremely demanding (but unavoidable if one wants to compare with the 3d theory). Consequently, the extrapolation has been carried out in the full range of relevant Higgs masses only very recently [9].

The problem we study here is a systematic comparison of the 4d lattice results in [8, 9] with the 3d effective theory results in [7, 10].^1 In order to make such a comparison, we will need to perform one further (well convergent) zero temperature perturbative computation, to which we now turn.

1A similar comparison was carried out in [11], but at that time a 4d continuum extrapolation existed only for a single Higgs mass [8], and the relation to be computed in sec. 3 was not available.

2. Formulation of the problem

Dropping chiral fermions and the U(1) subgroup from the standard electroweak theory, we consider the 4d SU(2)+Higgs model in this paper: S = ∫ d^4x [ 1 4 F^a_{μν} F^a_{μν} + (D_μϕ)^†(D_μϕ) + m^2ϕ^†ϕ + λ(ϕ^†ϕ)^2 ] , (2.1)

where D_μ = ∂_μ + igT^aA^a_μ. The theory in eq. (2.1) has three parameters: the scalar mass parameter m^2, the scalar self-coupling λ and the gauge coupling g^2. To fix a particular physical theory, one has to choose a regularization scheme and then give the values of the renormalized couplings in this scheme in terms of some physical quantities. As a regularization scheme we choose MS as is convenient in continuum computations, and in particular in dimensional reduction [3]. The question we address then is, what are the values of the MS parameters if a set of physical observables is determined, either by experiment or by 4d lattice simulations?

In the broken phase of the theory, two of the MS couplings can be fixed in terms of the physical masses of the Higgs and the W boson, m_H and m_W , respectively:

m^2(μ̄) = − 1 2 m^2_H + δm^2(μ̄) , λ(μ̄) = g^2(μ̄) 8 m^2_H m^2_W

+ δλ(μ̄) , (2.2)

where the 1-loop corrections δm^2(μ̄), δλ(μ̄) are easily computable (we employ here the formulas given in [3]). However, the value of the gauge coupling g^2(μ̄) cannot be fixed in terms of the masses. In the physical case with fermions, g^2(μ̄) can be fixed, e.g., through the muon lifetime; for an explicit expression see eq. (183) in [3]. However, this is not available in the theory of eq. (2.1).

We thus need another physical observable sensitive to g^2. Moreover, since we are ultimately interested in lattice studies of the theory in eq. (2.1), this observable should be measurable in Monte Carlo simulations. A suitable choice is the “renormalized gauge coupling g^2_R” [12]. The value of g^2_R is obtained from the static potential V (r): from a large rectangular Wilson loop W (r, t) of size r × t (in euclidean space), one determines V (r) = lim_{t→∞} − 1 t ln W (r, t) . (2.3)

At leading order, the potential thus defined is

V_{tree}(r) = −g^2C_F ∫ d^3p (2π)^3 e^{ip·r} − 1 p^2 + m^2_W

= −g^2C_F e^{−mW r} 4πr + V_{tree}(∞) , (2.4)

where C_F = (N^2 − 1)/(2N) = 3/4 and V_{tree}(∞) is a regularization dependent constant. Let us now define

g^2_R(r) = 1 C_F d dr [ −V (r) ] d dr ∫_{d3p} (2π)^3 e^{ip·r} p^2+M^2

, (2.5) where M is some physical mass parameter, chosen in [12, 8] to be the measured coefficient of the exponential falloff of V (r). At leading order, M coincides with m_W . In [8, 9], the distance used in g^2_R(r) was further fixed to be r = M^{−1}. Note that the choice of M in the dominator of eq. (2.5) has a 1st order effect on g^2_R, δg^2_R ∝ g^2(δM/M), while the choice of r has only a 2nd order effect, δg^2_R ∝ g^2(δr/r)^2 (see below).

The expression in eq. (2.5) is the continuum version of the definition given in [12]: we do not discuss the finite lattice spacing artifacts, but assume that the extrapolation to the continuum limit performed in [8] is reliable. To leading order, the result of the definition in eq. (2.5) is just g^2(μ̄), but g^2_R(M^{−1}) is defined also fully non-perturbatively.

Our objective is now to find the relation of g^2(μ̄) and g^2_R(M^{−1}) at 1-loop level (for clarity, we often denote g^2(μ̄) = g^2_{MS}(μ̄)). Both quantities are finite and not sensitive to the ultraviolet regularization, so that the computation can be carried out in the continuum. In this way, we have found the MS parameters to which the 4d simulations correspond (sec. 3). The MS parameters are, in turn, the input in dimensional reduction and the construction of 3d effective theories, so that with the relation found, we can compare the results of direct 4d finite temperature lattice simulations with those of 3d effective theory simulations (sec. 4).

Finally, it should be mentioned that there is also another approach available for determining the MS scheme parameters to which the 4d simulations correspond. Indeed, instead of going via a set of physical observables, one could directly relate the bare lattice parameters at a finite but small lattice spacing a, and the renormalized MS parameters, as first done for QCD in [13]. In the continuum limit the end results of the two approaches are in principle equivalent up to higher order effects. However, the convergence properties can be somewhat different: relating the regularization schemes is a computation only sensitive to the ultraviolet, while the computation we carry out is only sensitive to the infrared. The reason why we choose our approach is that the extrapolation to the continuum limit has in [8, 9] been carried out directly for the physical observables m_H , m_W , g^2_R, so that this way we get rid of any reference to a finite lattice spacing, as is necessary for a comparison of 4d and 3d lattice results. The 1-loop computation we perform is very well convergent despite the infrared sensitivity, since we are in the broken phase of the theory. It should be noted, though, that for the academic case of very small Higgs masses close to the Coleman-Weinberg limit m_H ≈ 10 GeV, the “strict loop expansion” formulas [3] we employ here for relating m_H , m_W to m^2(μ̄), λ(μ̄) break down (see sec. 4).^2

2There is no conceptual problem in finding relations which are accurate also for very small Higgs masses, but this exercise is beyond the scope of the present paper.

3. Computation of g^2_R

Preliminaries. We carry out the computation in a general ’t Hooft R_ξ-gauge with the gauge parameter ξ and, for the moment, a general spacetime dimension d. We denote the different structure constants appearing as

(T^aT^a)_{ij} = C_F δ_{ij} , f^{abc}f^{abd} = C_Aδ^{cd} , T^aT^bT^aT^b = C^2_F − 1 2 C_F C_A , (3.1)

where C_F = (N^2 − 1)/(2N), C_A = N. The actual computation is carried out for N = 2, but we keep the symbols C_F , C_A in some of the formulas below, to differentiate between two classes of contributions (abelian and non-abelian; see appendix A).

The object we compute is the expectation value of a rectangular Wilson loop in the limit t → ∞, eq. (2.3). It can be seen that the horizontal parts of the path (t = const.) do not contribute in this limit [14, 15]. Thus, denoting U ( − r 2 , t ) = P exp [ ig ∫_{t/2} −t/2 dt^′T^aA^a_0 ( −r 2 , t^′ )] , (3.2)

where the path-ordered exponential is defined through

P exp [∫_T −T dt^′M(t^′) ] = 1+ ∫_T −T dt^′M(t^′)+ ∫_T −T dt^′dt^{′′}θ(t^′ −t^{′′})M(t^{′′})M(t^′)+· · · , (3.3) the expectation value to be computed is lim_{t→∞} W (r, t) = lim_{t→∞} ⟨ U ( −r 2 , t ) U^† ( r 2 , t )⟩ . (3.4)

The actual computation proceeds in a straightforward way, by inserting the expansion in eq. (3.3) into eq. (3.4). The θ-functions can be written as usual as θ(t) = ∫ dω 2π e^{iωt} iω + ϵ^+ . (3.5)

The t^′-integral in eq. (3.2) makes the sources static in the limit t → ∞, and in momentum (ω) space, the graphs then produce a term linear in t via

2πδ(0) → t . (3.6)

Through eq. (2.3), the coefficient of the linear term gives −V (r). This computation is, of course, a direct generalization of the one in [14] for QCD (for 2-loop results in QCD, see [15]). The graphs needed are shown in fig. 1, and the results for these individual graphs are given in appendix A.

(a) (b) (c) (d) (e) (f) (g)

Figure 1: The graphs contributing to the static potential at 1-loop level. “Mirror” configurations are not shown. Graph (g) is a counterterm contribution.

The loop contributions. The final result for the computation of the graphs in fig. 1 can be expressed in terms of the functions

A_0(m^2) = ∫ d^dp (2π)^d 1 p^2 + m^2

, (3.7)

B_0(k^2; m^2_1, m^2) = ∫ d^dp (2π)^d 1 [p^2 + m^2_1][(p + k)^2 + m^2]

. (3.8)

Summing all the graphs together, we obtain (for N = 2)

−V_{1-loop}(r) = g^4C_F C_A ∫ d^{d−1}p (2π)^{d−1} e^{ip·r} p^2 + m^2_W { 2B_0(0; m^2_W , m^2_W ) +

+(p^2 + m^2_W ) d dm^2_W B_0(p^2; m^2_W , m^2_W ) + + 1 8(d − 1)(p^2 + m^2_W ) [ B_0(p^2; m^2_W , m^2_W ) ( 3(4d − 3)p^2 + 12(3 − 2d)m^2_W ) − −B_0(p^2; m^2_W , m^2_H ) 1 p^2 ( p^4 + (6 − 4d)p^2m^2_W + 2p^2m^2_H + (m^2_W − m^2_H )^2 ) + +A_0(m^2_W ) 1 p^2m^2_H ( 6(d − 1)^2p^2m^2_W − p^2m^2_H (29 − 32d + 8d^2) + m^4_H − m^2_H m^2_W ) +

+A_0(m^2_H ) 1 p^2 ( (2d − 1)p^2 + m^2_W − m^2_H )] + counterterms } . (3.9)

This result is, of course, independent of the gauge parameter ξ, even though the single contributions given in appendix A do depend on it.

Specializing then to d = 4 − 2ϵ, A_0, B_0 have their standard forms

A_0(m^2)=− μ^{−2ϵ} (4π)^2 m^2 ( 1 ϵ + ln μ̄^2 m^2 + 1 ) , (3.10)

B_0(k^2; m^2_1, m^2)= μ^{−2ϵ} (4π)^2 [ 1 ϵ +ln μ̄^2 m_1m_2

+1 − m^2_1 + m^2 m^2_1 − m^2 ln m_1 m_2

+ F_E (k^2; m^2_1, m^2) ] , (3.11) where

F_E(k^2; m^2_1, m^2) = 1 + m^2_1 + m^2 m^2_1 − m^2 ln m_1 m_2 + m^2_1 − m^2 k^2 ln m_1 m_2 +

+ 1 k^2 √ (m_1 + m_2)^2 + k^2 √ (m_1 − m_2)^2 + k^2 ln 1 − √_{(m1−m2)2+k2} (m_1+m_2)^2+k^2 1 + √_{(m1 −m2)2+k2}

(m_1 +m_2)^2+k^2

. (3.12)

Including also the counterterms which cancel the 1/ϵ divergences, we obtain

−V_{1-loop}(r) = g^4 16π^2 C_F C_A ∫ d^3p (2π)^3 e^{ip·r} p^2 + m^2_W ×

× { p^2 + m^2_W

p^2 2 √ 1 +^{4m2W}_{p2} ln 1 − (1 +^{4m2W}_{p2} )^{−1/2}

1 + (1 +^{4m2W}_{p2} )^{−1/2} +

+ 1 p^2 + m^2_W [ 1 24h^2 ( 86h^2p^2 − 9(6 − 3h^2 + h^4)m^2_W ) ln μ̄^2 m^2_W + + 1 8 (13p^2 − 20m^2_W )F_E (p^2; m^2_W , m^2_W ) − − 1 24 ( (h^2 − 1)^2 m^4_W p^2

+ p^2 + 2(h^2 − 5)m^2_W ) F_E (p^2; m^2_W , m^2_H ) + + h^2 ln h 12(h^2 − 1) ( p^2 + (9h^2 − 17)m^2_W ) + + 1 72h^2 ( h^2p^2 + 3(−18 + h^2 − 11h^4)m^2_W )]} , (3.13)

where h = m_H /m_W .

The Fourier transformation. It remains to evaluate eq. (2.5), i.e. to take the derivative with respect to r and to perform the final integral with respect to p. Let us note here that since the difference between M and m^{tree}_W is of relative order g^2 and the scale dependence of g^2_{MS}(μ̄) is already of order g^4, we can replace M^{−1} by (m^{tree}_W )^{−1} in the argument of g^2_R(r) in the present 1-loop computation. For the time being we denote the tree-level value of the W mass by m_W = m^{tree}_W . Within 1-loop corrections, the difference between m^{tree}_W and m^{1-loop}_W is naturally of higher order.

The final p-integral to be evaluated is convergent and can be done numerically by brute force, but it can be put in a more illuminating and rapidly convergent form by doing a part of it by contours. We write p = (p_z, p_⊥), such that p · r = p_zr, and close the p_z-integral in the upper half plane. The analytic structure of the p_zintegrand is that there is a (1st or 2nd order) pole at p_z = +i(p^2_⊥ + m^2_W ), and cuts along the imaginary axis starting at some p_z = ip^0_z, see fig. 2.

The pole contribution. The pole contri- Im(p_z)

Re(p_z)

Figure 2: The integration contour in the p_z-plane.

bution is of the form d dr ∫ d^3p (2π)^3 e^{ipzr} (p^2 + m^2_W )^2

F(p^2 + m^2_W ) | | |_{r=m−1W} = − 1 8π e^{−1} [ F(0) + 4F^′(0)m^2_W ] . (3.14)

For the expression in the square brackets in (3.13) (the term on the 2nd row in eq. (3.13) does not contribute),

F(0) = m^2_W [( − 59 24 − 9 4h^2 − 3 8 h^2 ) ln μ̄^2 m^2_W −

− h 12 ( 12 − 4h^2 + h^4 ) √ 4 − h^2 arctan √ 2 − h 2 + h − 1 24 h^4(h^2 − 6) ln h + + 1 72h^2 ( −54 + h^2(−556 + 99 √ 3π) − 45h^4 + 3h^6 )]

= − 1 2 ( g^2 (4π)^2 )_{−1} δm^{2(1−loop)}

W , (3.15)

F^′(0) = 43 12 ln μ̄^2 m^2_W +

+ h 12 √ 4 − h^2 ( −36 + 32h^2 − 13h^4 + 2h^6 ) arctan √ 2 − h 2 + h

+ (3.16) + 1 24 ( 12 − 18h^2 + 9h^4 − 2h^6 ) ln h − 1 72 (26 + 18h^2 − 6h^4 − 27 √ 3π) . In eq. (3.15), m^2_W + δm^{2(1−loop)}_W denotes the 1-loop W pole mass squared.

The cut contribution. The cut contribution is of the form ∫_∞ −∞ dp_zF(p_z) → ∫_∞ p^0_z idp_z [ F(ip_z + ϵ) − F(ip_z − ϵ) ] = −2 ∫_∞ p^0_z dp_z Im F(ip_z + ϵ). (3.17) Non-vanishing imaginary parts arise from the function F_E (p^2; m^2_1, m^2) in eq. (3.12), and from the first logarithm in eq. (3.13):

Im F_E (p^2; m^2_1, m^2) | |_{pz→ipz+ϵ} = −θ(p^2_z − p^2_⊥ − (m_1 + m_2)^2) × × π p^2_z − p^2_⊥ √ p^2_z − p^2_⊥ − (m_1 + m_2)^2 √ p^2_z − p^2_⊥ − (m_1 − m_2)^2, (3.18)

Im 2 p^2 √ 1 +^{4m2W}_{p2} ln 1 − (1 +^{4m2W}_{p2} )^{−1/2}

1 + (1 +^{4m2W}_{p2} )^{−1/2} | | | | p_z→ip_z+ϵ =

= θ(p^2_z − p^2_⊥ − 4m^2_W ) 2π p^2_z − p^2_⊥ 1 √ 1 −^{4m2W}_{p2z−p2⊥} . (3.19)

The expression in the curly brackets in eq. (3.13) then contributes as follows: from the first term and from F_E(p^2; m^2_W , m^2_W ), one gets a constant factor which, by a change of variables, can be written in the following rapidly convergent form:

f_0 = ∫_∞ 2 dy ∫_∞ 0 dze^{−(y+z)}y (y + z) × × 144 + 336yz + 168z^2 + 116y^2z^2 + 116yz^3 + 29z^4 4 (3 + 2yz + z^2)^2 √ z (2y + z) (4 + 2yz + z^2)

= 2.156946 . (3.20)

From F_E(p^2; m^2_W , m^2_H ), on the other hand, there is a contribution which depends on h; it can be similarly written, e.g., in the form f(h)=− ∫_∞ h+1 dy ∫_∞ 0 dze^{−(y+z)} y (y + z) √ z (2y + z) (4h + 2yz + z^2) 12 [(h + 1)^2 + 2yz + z^2]^2 [h(h + 2) + 2yz + z^2]^2 × × ( z^4 + 4yz^3 + 4y^2z^2 + 4(h + 3)z^2 + 8(h + 3)yz + 12(h + 1)^2 ) . (3.21)

The numerical values of f(h) are given in table 1 and fig. 3.

The final result. We are now in a position to collect all the terms together, to evaluate eq. (2.5). The denominator there gives, to 1st order in M − m_W ∝ g^2, d dr 1 4πr exp ( −Mr )| | |_{r=m−1W} = − 1 2π e^{−1}m^2_W ( 1 + 1 2 m_W − M m_W ) . (3.22)

The order (m_W − M) term here combines with F(0) in eqs. (3.14), (3.15), to replace m_W with m^{1-loop}_W . The final result left is then

g^2_R(M^{−1}) = g^2_{MS}(μ̄) ( 1 + 1 2 M − m_W m_W ) + g^4 (4π)^2 [ 2F^′(0) − e ( f_0 + f(h) )]

≡ g^2_{MS}(m_W ) ( 1 + 1 2 M − m_W m_W ) + g^4_{MS}(m_W ) (4π)^2

C(h) , (3.23)

where F^′(0), f_0, f(h) are from eqs. (3.17), (3.20), (3.21), and we have now restored the meaning of m_W as the physical (1-loop) pole mass. Going from the first to the second row in eq. (3.23), we have merged the first term of F^′(0) in eq. (3.17) with g^2_{MS}(μ̄), which produces g^2_{MS}(m_W ) up to corrections which are of higher order than the present computation, and we have then chosen to use the same scale also in all the terms of order g^4_{MS}, again by ignoring terms which are of higher order. After this

Figure 3: The functions f(h) and C(h) from eqs. (3.21), (3.24).

replacement, only the latter two rows in eq. (3.17) h f(h) C(h)

0.2 -0.249947 -3.78735 0.4 -0.118355 -3.69862 0.6 -0.0660750 -3.62889 0.8 -0.0399324 -3.57204 1.0 -0.0253292 -3.52459 1.2 -0.0166083 -3.48430 1.4 -0.0111594 -3.44959 1.6 -0.00764098 -3.41935 1.8 -0.00531146 -3.39272 2.0 -0.00373821 -3.36907

Table 1: The values of f(h) and C(h), eqs. (3.21), (3.24), at selected values of h.

contribute on the latter row in eq. (3.23):

C(h) = 2F^′(0)|_{μ̄=mW} − e ( f_0 + f(h) ) . (3.24)

The numerical values of C(h) are shown in table 1 and fig. 3. While f(h) diverges logarithmically at small h, C(h) is finite.

The fact that C(h) is negative, means that g^2_{MS}(m_W ) tends to be larger than g^2_R(M^{−1}). If M, m_W , m_H and g^2_R(M^{−1}) have been measured as in [8, 9], then

g^2_{MS}(m_W ) ≈ g^2_R(M^{−1}) ( 1 + 1 2 m_W − M m_W ) +

+ | | |C (_{mH} m_W )| | 158 g^4_R(M^{−1}) . (3.25)

This relation constitutes our main result.

4. Implications for dimensional reduction

As we recall from sec. 1, in the finite temperature case one is mainly interested in comparing results for non-perturbative quantities between the 4d and 3d approaches.

One of the non-perturbative quantities addressed is the critical Higgs mass of the electroweak phase diagram. The phase diagram contains a line of first order phase transitions, which ends at a certain Higgs mass m_{H,c} [10],[16]–[20]. A comparison of the 4d and 3d results for m_{H,c} yields perfect agreement at the percent level [9]. This comparison was possible even before the relation of g^2_R and g^2_{MS} was known, since it turns out that m_{H,c} depends only very weakly on g^2_{MS} [21] (see also fig. 4).^3 Here we perform a comparison for another quantity, the critical temperature T_c. This comparison is in principle less powerful than that for m_{H,c}, since both the leading (T_c ∼ m_H /g) and next-to-leading (δT_c ∼ m_H /(4π)) contributions are perturbative [22] and thus definitely agree within the 4d and 3d theories. However, starting from the next-to-next-to-leading order (δT_c ∼ gm_H /(4π)^2), T_c is nonperturbative [22]. (These statements can be easily understood from eqs. (1.2),(2.2). Apart from perturbative terms within the 3d theory in eq. (1.1), the critical point is where m^2_3 = cg^4_3 = c(g^2T )^2, where c is a non-perturbative coefficient which can only be determined numerically.) Since T_c can be measured with good accuracy with lattice simulations, a comparison becomes meaningful.^4 Due to the strong dependence on g, T_c ∼ m_H /g, the relation of the g^2_R determined with 4d simulations and the g^2_{MS} used in the 3d theory, is necessary for such a comparison: it is only sensible to discuss a non-perturbative effect of relative order O(g^2), once a perturbative ambiguity of the same relative order has been removed by the computation carried out in this paper.

With 4d lattice simulations, the continuum extrapolation for T_c has been determined for m_H = 34 GeV in [8], and for some other values, in particular m_H = m_{H,c}, in [9]. The corresponding gauge coupling was measured to be g^2_R(M^{−1}) = 0.585(10) at m_H = 34 GeV and, we interpret, consistent with this at m_H = m_{H,c} [9]. The mass parameter M was observed to be close to the physical W mass m_W , but from Tables 4,5 in [8], we observe that there is a small discrepancy which, giving more weight to the lattices closest to the continuum limit (L_t = 4, 5), we estimate as (m_W − M)/m_W ≈ 0.035(25). We now see from eq. (3.25) that this leads to g^2_{MS}(m_W ) ≈ 0.603(12). With this value, we can convert the 3d results [7, 10, 21] to be comparable with the 4d results, as explained in [11]. The result is shown in fig. 4.

We conclude that the phase transition line T_c(m_H ), and in particular m_{H,c}, T_c(m_{H,c}), are in perfect agreement within statistical errors at least for h ≳ 0.3 (m_H ≳ 25 GeV), whether determined directly from 4d or from a 3d effective theory. For smaller h, the vacuum renormalization employed [3] in relating m_H , m_W to MS scheme breaks down, but even there dimensional reduction and the 3d theory them-

3In terms of powercounting, the dependence of m_{H,c} on g is of relative order O(g), so that the dependence on g^2_{MS} − g^2_R ∼ O(g^4) is only of relative order O(g^3).

4A similar comparison, but for a two scalar theory with very weak couplings, was effectively carried out in [23]. However, due to the smallness of the couplings, that comparison was not sensitive to the non-perturbative terms in T_c.

Figure 4: A comparison of the phase diagrams obtained with 4d and 3d simulations. The 4d results are from [9], and the 3d results from [7, 10, 21]. The gray band has been obtained by subtracting from the 3d lattice values the 3d perturbative values, fitting a curve to the difference, adding the perturbative curve (which is very accurate within 3d at small h), and then converting to 4d physical units according to the formulas in [3]. The coupling was varied in the interval g^2_{MS}(m_W ) = 0.603 ± 0.012, the smallest g^2_{MS} corresponding to the upper edge of the band. The discrepancy at small h is mainly due to the fact that the relation of m_H , m_W to m^2(μ̄), λ(μ̄) employed here and taken from [3], starts to break down as one approaches the Coleman-Weinberg limit h ∼ 0.13, but also to the fact that the 3d theory itself is less accurate at small h since the high-temperature expansion is not applicable in the case of an extremely strong transition.

selves are not completely off in spite of the very strong transition, as we have checked separately by a vacuum renormalization which is accurate at the Coleman-Weinberg point h ≈ 0.13: we get there T_c/m_H ≈ 2.5. Thus, dimensional reduction seems indeed as effective as one would have expected from the analytical estimates.

5. Conclusions

In this paper, we have carried out a perturbative 1-loop computation in the broken phase of the 4d SU(2)+Higgs theory, which establishes a relation between the “renormalized gauge coupling” determined by measuring the static potential with lattice Monte Carlo simulations, and the conventional MS scheme gauge coupling g^2(μ̄). With existing results for the mass parameter m^2(μ̄) and scalar self-coupling λ(μ̄), this relation completes what is needed for a reliable comparison of 4d simulation results, and analytical computations where the MS scheme is a natural starting point. As an important application, we have considered the accuracy of finite temperature dimensional reduction, which is used, e.g., in the context of 3d effective theory studies of the electroweak phase transition.

The conclusion we find for dimensional reduction and the resulting 3d effective field theory is that, even for the non-perturbative characteristics of the electroweak phase transition, the numerical accuracy is consistent with what it was analytically estimated to be, i.e., at the percent level. This is quite good since, from the point of view of electroweak baryogenesis, studying the electroweak phase transition with 3d effective theories and lattice simulations continues to be phenomenologically interesting in many extensions of the Standard Model, such as the MSSM [24].

Acknowledgments

I thank Z. Fodor for providing me with the numerical values for the 4d datapoints in fig. 4, and M. Shaposhnikov for useful discussions. This work was partly supported by the TMR network Finite Temperature Phase Transitions in Particle Physics, EU contract no. FMRX-CT97-0122.

Note added I thank Y. Schröder for pointing out that eq. (3.9) agrees, for N = 2, with the general result obtained for SU(N)+Higgs in [25].

Very recently, a preprint appeared [26] where the same problem is addressed as in sec. 3 of the present paper.

A. Loop contributions

In this appendix A, we show the results for the individual graphs in fig. 1. The results are given as contributions to the coefficient of t in ln W (r, t), eq. (3.4), and they are thus contributions to −V (r) according to eq. (2.3). We leave out a common factor g^4C_F C_A ∫ d^{d−1}p (2π)^{d−1} e^{ip·r} p^2 + m^2_W

(A.1)

from all the non-abelian terms (i.e. those proportional to C_F C_A). The abelian terms (i.e. those proportional to C^2_F ) only contribute to the exponentiation of the leading order result in eq. (2.4): they always come with the coefficient^1_2 t^2 in W (r, t) (see [14, 15] for a more precise discussion). Note that the explicit counterterm contribution, graph (g) in fig. 1, comes from the bare combination

g_BA_B = ( 1 − g^2μ^{−2ϵ} (4π)^2ϵ

3 + ξ 4 C_A ) gA, (A.2) where the numerical value is given for d = 4 − 2ϵ.

The contributions of the different graphs are:

(a) + (b)|_{abel. part} = exponentiation of the r-dependent term of eq. (2.4), (A.3)

(b)|_{non-abel. part} = (p^2 + m^2_W ) dB_0(p^2; m^2_W , m^2_W ) dm^2_W + p^2 + m^2_W 8(d − 1)p^2m^4_W { −B_0(p^2, ξm^2_W , ξm^2_W )p^2(p^2 + 4ξm^2_W )

+2B_0(p^2; m^2_W , ξm^2_W ) [ p^4 + 2p^2m^2_W (3 + ξ − 2d) + m^4_W (ξ − 1)^2 ]

−B_0(p^2; m^2_W , m^2_W )p^2 [ p^2 + 4(3 − 2d)m^2_W ]

+2m^2_W (ξ − 1) [ A_0(ξm^2_W ) − A_0(m^2_W ) ]} , (A.4)

(c) + (d)|_{abel. part} = exponentiation containing the cross-term from eq. (2.4), (A.5)

(d)|_{non-abel. part} = 2B_0(0; m^2_W , m^2_W ) + 1 m^2_W [ A_0(ξm^2_W ) − A_0(m^2_W ) ] , (A.6)

(e) = 1 4(d − 1)m^4_W p^2 { B_0(p^2, ξm^2_W , ξm^2_W )p^4 ( p^2 + 4ξm^2_W ) −2B_0(p^2; m^2_W , ξm^2_W )(p^2 + m^2_W ) × × [ p^4 + 2p^2m^2_W (3 + ξ − 2d) + m^4_W (ξ − 1)^2 ] (A.7)

+B_0(p^2; m^2_W , m^2_W )p^2 [ p^4 + 2 (7 − 4d) p^2m^2_W + 8 (2 − d) m^4_W ]

+2m^2_W [ A_0(m^2_W ) − A_0(ξm^2_W ) ] [ p^2 (4d − 6 + ξ) + m^2_W (ξ − 1) ]} , (f) =

−Π_W (p^2) C_A(p^2 + m^2_W )

= eq. (3.9) − (b)|_{non-abel. part} − (d)|_{non-abel. part} − −(e) − { all 1/ϵ-divergences } , (A.8)

(g) = −

3 + ξ 2 μ^{−2ϵ} (4π)^2ϵ

. (A.9)

References

[1] V.A. Rubakov and M.E. Shaposhnikov, Electroweak baryon number non-conservation in the early universe and in high energy collisions, Usp. Fiz. Nauk 166 (1996) 493 [hep-ph/9603208].

[2] P. Ginsparg, First and second order phase transitions in gauge theories at finite temperature, Nucl. Phys. B 170 (1980) 388;

T. Appelquist and R. Pisarski, High-temperature Yang-Mills theories and threedimensional quantum chromodynamics, Phys. Rev. D 23 (1981) 2305.

[3] K. Kajantie, M. Laine, K. Rummukainen and M. Shaposhnikov, Generic rules for high temperature dimensional reduction and their application to the standard model, Nucl. Phys. B 458 (1996) 90 [hep-ph/9508379]; High temperature dimensional reduction and parity violation, Phys. Lett. B 423 (1998) 137 [hep-ph/9710538].

[4] E. Braaten and A. Nieto, Free energy of QCD at high temperature, Phys. Rev. D 53 (1996) 3421 [hep-ph/9510408].

[5] A. Jakovác and A. Patkós, Partial path integration of quantum fields: two–loop analysis of the SU(2) gauge–Higgs model at finite temperature, Nucl. Phys. B 494 (1997) 54 [hep-ph/9609364].

[6] M. Laine, Effective theories of MSSM at high temperature, Nucl. Phys. B 481 (1996) 43 [hep-ph/9605283];

J.M. Cline and K. Kainulainen, Supersymmetric electroweak phase transition: beyond perturbation theory, Nucl. Phys. B 482 (1996) 73 [hep-ph/9605235]; Supersymmetric electroweak phase transition: dimensional reduction versus effective potential, Nucl. Phys. B 510 (1997) 88 [hep-ph/9705201];

M. Losada, High temperature dimensional reduction of the MSSM and other multiscalar models, Phys. Rev. D 56 (1997) 2893 [hep-ph/9605266];

G.R. Farrar and M. Losada, SUSY and the electroweak phase transition, Phys. Lett. B 406 (1997) 60 [hep-ph/9612346].

[7] K. Kajantie, M. Laine, K. Rummukainen and M. Shaposhnikov, The electroweak phase transition: a non-perturbative analysis, Nucl. Phys. B 466 (1996) 189 [hep-lat/9510020]; A non-perturbative analysis of the finite-T phase transition in SU(2) × U(1) electroweak theory, Nucl. Phys. B 493 (1997) 413 [hep-lat/9612006].

[8] F. Csikor, Z. Fodor, J. Hein, A. Jaster and I. Montvay, Numerical tests of the electroweak phase transition and thermodynamics of the electroweak plasma, Nucl. Phys. B 474 (1996) 421 [hep-lat/9601016].

[9] F. Csikor, Z. Fodor and J. Heitger, Endpoint of the hot electroweak phase transition, Phys. Rev. Lett. 82 (1999) 21 [hep-ph/9809291].

[10] K. Kajantie, M. Laine, K. Rummukainen and M. Shaposhnikov, Is there a hot electroweak phase transition at m_H ≳ m_W ?, Phys. Rev. Lett. 77 (1996) 2887 [hep-ph/9605288];

K. Rummukainen, M. Tsypin, K. Kajantie, M. Laine and M. Shaposhnikov, The universality class of the electroweak theory, Nucl. Phys. B 532 (1998) 283 [hep-lat/9805013].

[11] M. Laine, Comparison of 4d and 3d lattice results for the electroweak phase transition, Phys. Lett. B 385 (1996) 249 [hep-lat/9604011].

[12] Z. Fodor, J. Hein, K. Jansen, A. Jaster and I. Montvay, Simulating the electroweak phase transition in the SU(2) Higgs model, Nucl. Phys. B 439 (1995) 147 [hep-lat/9409017].

[13] A. Hasenfratz and P. Hasenfratz, The connection between the Λ parameters of lattice and continuum QCD, Phys. Lett. B 93 (1980) 165;

R. Dashen and D.J. Gross, The relationship between lattice and continuum definitions of the gauge theory coupling, Phys. Rev. D 23 (1981) 2340.

[14] W. Fischler, Quark – anti-quark potential in QCD, Nucl. Phys. B 129 (1977) 157.

[15] M. Peter, The static quark – anti-quark potential in QCD to three loops, Phys. Rev.

Lett. 78 (1997) 602 [hep-ph/9610209]; The static potential in QCD: a full two–loop calculation, Nucl. Phys. B 501 (1997) 471 [hep-ph/9702245];

Y. Schröder, The static potential in QCD to two loops, Phys. Lett. B 447 (1999) 321 [hep-ph/9812205].

[16] F. Karsch, T. Neuhaus, A. Patkós and J. Rank, Critical Higgs mass and temperature dependence of gauge boson masses in the SU(2) gauge–Higgs model, Nucl. Phys. 53 (Proc. Suppl.) (1997) 623 [hep-lat/9608087].

[17] M. Gürtler, E.-M. Ilgenfritz and A. Schiller, Where the electroweak phase transition ends, Phys. Rev. D 56 (1997) 3888 [hep-lat/9704013];

E.-M. Ilgenfritz, A. Schiller and C. Strecha, Wave functions and spectrum in hot electroweak matter for large Higgs masses, Eur. Phys. J. C8 (1999) 135 [hep-lat/9807023].

[18] O. Philipsen, M. Teper and H. Wittig, Scalar gauge dynamics in (2+1)-dimensions at small and large scalar couplings, Nucl. Phys. B 528 (1998) 379 [hep-lat/9709145].

[19] Y. Aoki, Four-dimensional simulation of the hot electroweak phase transition with the SU(2) gauge–Higgs model, Phys. Rev. D 56 (1997) 3860 [hep-lat/9612023]; Y. Aoki, F. Csikor, Z. Fodor and A. Ukawa, The endpoint of the first-order phase transition of the SU(2) gauge-Higgs model on a 4-dimensional isotropic lattice, Phys. Rev. D 60 (1999) 013001 [hep-lat/9901021].

[20] F. Csikor, Z. Fodor and J. Heitger, The strength of the electroweak phase transition at m_H ≈ 80 GeV, Phys. Lett. B 441 (1998) 354 [hep-lat/9807021].

[21] M. Laine and K. Rummukainen, What’s new with the electroweak phase transition?, Nucl. Phys. 73 (Proc. Suppl.) (1999) 180 [hep-lat/9809045].

[22] P. Arnold, Phase transition temperatures at next-to-leading order, Phys. Rev. D 46 (1992) 2628 [hep-ph/9204228].

[23] K. Jansen and M. Laine, Inverse symmetry breaking with 4d lattice simulations, Phys.

Lett. B 435 (1998) 166 [hep-lat/9805024].

[24] D. Bödeker, P. John, M. Laine and M.G. Schmidt, The 2–loop MSSM finite temperature effective potential with stop condensation, Nucl. Phys. B 497 (1997) 387 [hep-ph/9612364];

M. Laine and K. Rummukainen, A strong electroweak phase transition up to m_H ∼ 105 GeV, Phys. Rev. Lett. 80 (1998) 5259 [hep-ph/9804255]; The MSSM electroweak phase transition on the lattice, Nucl. Phys. B 535 (1998) 423 [hep-lat/9804019]; Higgs sector CP violation at the electroweak phase transition, Nucl. Phys. B 545 (1999) 141 [hep-ph/9811369];

M. Losada, The two–loop finite–temperature effective potential of the MSSM and baryogenesis, Nucl. Phys. B 537 (1999) 3 [hep-ph/9806519]; Mixing effects in the finitetemperature effective potential of the MSSM with a light stop, hep-ph/9905441.

[25] Y. Schröder, PhD thesis, DESY, Hamburg 1999 (unpublished).

[26] F. Csikor, Z. Fodor, P. Hegedüs and A. Piróth, Static potential in the SU(2)– Higgs model and coupling constant definitions in lattice and continuum models,

hep-ph/9906260.